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How do these neurons activate on a hexagonal pattern 

and 


what is their functional role?



Classical theory



Path integration
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Classical theory of grid cells

- Toroidal connectivity of neurons

- Kantian view of spatial sense (innate, “must be found in us prior any perception of an object”)

- Bump of activity updated by ideothetic (velocity) cues

Neuronal space Physical space



Difficulties for the classical theory:

effects of the environment shape



Environment effects

- Size - Shape



A different type of theory











Pattern formation
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Grid pattern -> Superposition of Fourier modes (Eigenfunctions of Laplacian)

Grid scale -> Eigenvalue associated to contributing eigenfunctions



Neural models
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Neural field models

Reaction-Diffusion
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Boundary conditions!



Grid pattern -> Superposition of Fourier modes (Eigenfunctions of Laplacian on the 
domain)

Grid scale -> Eigenvalue associated to contributing eigenfunctions



https://www.youtube.com/watch?v=tFAcYruShow


Boundary conditions

- Developmentally: Border cells -> Place cells -> Grid cells



Generalisation of Fourier Analysis



Research hypothesis

Mv = λv

Grid cells = Fourier basis for the 2D environments
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dx2
sin(wx) = − w2 sin(wx)
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Fourier generalization to manifolds



Generalised Fourier

Mv = λv 2D Sphere 2D Torus



Mv = λv
• Basis set to represent 

functions


• Filtering of scales


• Smoothing and interpolation


• Spectral coordinates


• …

Generalised Fourier



Spectral coordinates
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Spectral coordinates

M is related to graph Laplacian

Spectral coordinates

Diffusion distance



Spectral geometry

Relation between geometry/topology and 

eigenvalues and eigenfunctions of the Laplacian operator



Classical Fourier Analysis

Pontryagin Duality

Representation Theory

Spectral Geometry Geodesic Flows

Functions on locally compact Abelian groups

Non-Abelian groups

Extension of Fourier for functions on groups 

based on Pontryagin duality (group characters 

generalize complex exponentials as basis functions)

Functions on

ManifoldsGraphs

Hypercube
Flat torus (Lattices)

Representing functions as sum of 
trigonometric functions

̂f(ξ) = ∫
∞

−∞
f(x)e−i2πξxdx

ℝ ℤℝ/ℤ ℤn

(ℤn
2)

Ĝ := Hom(G, ℝ/ℤ)

̂f(χ) = ∫G
f(x)χ̄(x)dμ(x)

χ : G → U(1) | χ(g1g2) = χ(g1)χ(g2)

Elements of the group are represented 

by invertible matrices and the group operation 

by matrix multiplication 

(M, g) → Spec(M, g)

Relation between geometry/topology and 

eigenvalues and eigenfunctions of the Laplacian operator (Quantum mechanics)

Fourier decomposition of Boolean functions: 

eigenvectors of Graph Laplacian are the 

characters of   ℤn

2

f(x) = ∑
S⊆[n]

̂f(S)χS(x), χS(x) = ∏
i∈S

xi

f : {−1,1}n → ℝ

̂f(S) = ⟨f, χS⟩

ℝn/Δ

Manifolds with boundary

Poisson type formula relating the norms 

of lattice points (lengths of closed geodesics) 

to frequencies (eigenvalues)

Billiard dynamics
Eigenfunctions as minimizers of 

Dirichlet form

Relation between geometry/topology a

and periodic geodesics (Classical mechanics)

1
(4πt)d/2

Vol(Δ) ∑
λ∈Δ

e−|λ|2/4t = ∑
λ∈Δ*

e−4π|ι|2t

Relations between graph properties and spectra 

of the graph Laplacian





















Do grid cells for circular environments have lowest spatial frequency?



Spectral geometry -> bounds on ratios of eigenvalues

- Bounds on grid scale ratios

- Dependence on environment shape



On tails




























